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THREE TEST POTENTIALS 
*
Sikander 

 

Introduction 
We build a smooth flattened model by combining a 

few spherical harmonics Y (θ) (Binney & Tremaine 

1987), as follows:  

 
 

β is a parameter which determines the flattening (β 

< 0 for oblate systems). We set C = 2/(π√π) for a 

total mass equal to 1. This simple choice for the 

model ensures ρ α r−4 and a fairly constant 

flattening. The resulting density for β = −0.3 is 

shown in figure. It is nearly ellipsoidal, with axis 

ratio b/a  0.8. We will in the following refer to 

the corresponding potential as   ell. 

 

The corresponding potential is 

 
 

where the  are related to the ρl terms by equation 

in Binney & Tremaine (1987). 

 

As explained in paragraph § 2, we use a grid in 

integral space that defines the domains for the fit. 

The grid contains 16 points in E (noted Ei), 7 

points in J (noted Ji) and 7 angles ωi. 

 

For each of the domains, a fit can be produced, 

based on the χ2 of equation (3), if the focal distance 

_ is set. The choice of _ of the spheroidal 

coordinate system affects the quality of the fit. An 

average _ is obtained by computing a number of 

orbits in the original potential, and evaluating the 

focal distance for which sections of the λ = cst 

ellipses most closely follow the inner and outer 

envelopes Rmin(z), Rmax(z) of the orbits. Of course, 

there is more variation in for the more extended 

domains S′. 

 

We started with a global fit for the potential  ell, i.e. 

a fit in the largest domain S′ (extending to about 

180 in R and in z), corresponding to the orbits that 

have (E16, 0). We take J = 0 instead of J1 in order 

to avoid that orbits with smaller E should not be 

covered by the potential because their J < (J1)E16 . 

 

This combination (E16,0) is obviously the most 

unfavorable for the fit, and the variations in I3 are 

expected to set a standard for the worst case: the 

maximum (δI3)max for all 7 orbits with different 

ωi is taken as the maximum tolerable variation. We 

demand that the variation of I3 along the orbits 

with lesser spatial extent (i.e. E′ > E16, J′ > 0 and 

the 7 ωi, with (E′, J′) on the grid in integral space) 

is not worse than this. In this case, it turns out that 

the variation on I3 is larger for orbits with (E15, 

J1). Thus the next fit is done in the domain S′ 

determined by (E15, 0). 

 

After this fit, (δI3) max is the error on I3 for the 

orbits with (E15,J1) and this new value is now used 

to decide on the next fit. In this way, fits are done 

in the domains corresponding to (E16,0), (E15,0), 

(E14,0), (E11,0), (E2,0) and (E1,0). 

 

If the correspondence between the orbits in a fitted 

and original potential happens to be very bad, it 

could be due to a poor correspondence between the 

force components of both potentials. Therefore, 

prior to the calculation of the orbits, it is useful to 

check the behaviour of the force components in the 

fitted and the original potential. Figure shows the 

contours for the force components generated by  

ell (full lines) with the Stackel potential for the 

domain S′(E11, 0) (dashed lines) in overlay. Since 

the force components in both potentials do not 
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appear too different, it is sensible to proceed with 

the comparison of integrated orbits. 

 

  
Figure  the contours for the two force components 

generated by  ell(full lines) and the Stackel 

potential for the domain S′(11,0)(dashed lines).  

 

 
In figure, the points in the (E, J)-grid for  ell are 

displayed as an example of how a set of potentials 

can be built; different symbols indicate the 

different potentials used. As can be seen from the 

different symbols, some potentials of the set are 

used for a small number of orbits, while others are 

used for a large number of orbits. The fact that the 

potential fitted in the largest domain is only used 

for orbits with only one value for E (indicated by 

the pluses) suggests that this method can really 

improve the approximation. Also the orbits that 

remain close to the centre seem to require a 

potential fitted in a limited part of space. 

 
As a second trial case, a boxy density, with 

potential box, is obtained from a combination of 

harmonics as described in (12) and (16) with β = 

−0.5, and has an axis ratio b/a ≃ 0.6. The contours 

are shown in figure. We also used a 16E × 7J × 7I3 

grid and approximated   box with a set of 8 

Stackel potentials. 

Also a Miyamoto-Nagai (MN) potential with 

intermediate flattening, b/a  0.7, is taken as trial 

potential. MN models exhibit very strong diskiness 

in the density contours, as can be seen in figure. 

This means that we are considering a difficult case 

that is actually on the verge of being unrealistic for 

elliptical galaxies. 

 

The grid has the same dimensions as the one 

described in the previous section. The MN 

potential is approximated with 8 potentials; the set 

of Stackel potentials is constructed following the 

same strategy. 
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