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Introduction 

The Haar transform was proposed in 1910 by a 

Hungarian mathematician Alfred Haar. The Haar 

transform is one of the earliest transform functions 

proposed. Conventionally, Fourier transform has 

been used extensively to analyse the spectral content 

of a signal. However, Fourier transform is not able to 

represent a non-stationary signal adequately; whereas 

time-frequency analysis function, e.g., Haar 

transform, is found effective as it provides a simple 

approach for analysing the local aspects of a signal.  

 

The Haar transform uses Haar function for its basis. 

The Haar function is an orthonormal, rectangular 

pair. Compared to the Fourier transform basis 

function which only differs in frequency, the Haar 

function varies in both scale and position. The Haar 

transform is compact, dyadic and orthonormal. The 

Haar transform serves as a prototype for the wavelet 

transform, and is closely related to the discrete Haar 

wavelet transform. 

 

The Haar Function 

The family of N Haar functions h�(t) are defined on 

the interval 0 ≤ t ≤ 1. The shape of the Haar 

function, of an index k, is determined by two 

parameters: p and q, where  k = 2� + � − 1 

and k is in a range of k = 0, 1, 2, ⋯ , N − 1. 

When k = 0, the Haar function is defined as a 

constant ℎ�(t) = 1/√�; when k > 0, the Haar 

function is defined as ℎ�(t)
= 1√� � 2�/� (� − 1)/2� ≤ � < (� − 0.5)/2�−2�/� (� − 0.5)/2� ≤ � < �/2�0 otherwise

  
From the above equation, one can see that p 

determines the amplitude and width of the non-zero 

part of the function, while q determines the position 

of the non-zero part of the Haar function. 

 

The Haar Matrix 

The discrete Haar functions formed the basis of the 

Haar matrix H  

 !�" = # !" ⊗ %1,1&'" ⊗ %1, −1&( !(0) = 1  

Where 

 

 

') =
*+
++
,1 0 ⋯ 0 00 1 ⋯ 0 0⋮ ⋮ ⋱ ⋮ ⋮0 0 ⋯ 1 00 0 ⋯ 0 1/0

00
1
 

and ⊗ is the Kronecker product.  

 

The Kronecker product of 2 ⊗ 3, where 2 is an m × n matrix and 3 is a p × q matrix, is expressed as 

2 ⊗ 3 = 9 :;;< ⋯ :;=<⋮ ⋱ ⋮:>;< ⋯ :>=<? 

 

When N = 2� 

 

!" =

*+
++
++
++
+,

ϕh�,�h;,�h;,;⋮h�@;,�h�@;,;⋮h�@;,�ABC@;/0
00
00
00
01
 

where D = %1 1 1 ⋯ 1& is a 1 × N matrix, and hE,F%n& is a Haar function. 

 

The Haar matrix is real and orthogonal, i.e.,  

� ! = !∗ 
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� !@H = !I, i.e., !I! = ' 
An un-normalized 8-point Haar matrix !J is shown 

below Error! Reference source not found. !%K, L&

=
*+
++
++
+,
1 1 1 1 1 1 1 11 1 1 1 −1 −1 −1 −11 1 −1 −1 0 0 0 00 0 0 0 1 1 −1 −11 −1 0 0 0 0 0 00 0 1 −1 0 0 0 00 0 0 0 1 −1 0 00 0 0 0 0 0 1 −1/0

00
00
01
 

 

From the definition of the Haar matrix H, one can 

observe that, unlike the Fourier transform, H matrix 

has only real element (i.e., 1, -1 or 0) and is non-

symmetric.  The first row of H matrix measures the 

average value, and the second row H matrix 

measures a low frequency component of the input 

vector. The next  wo rows are sensitive to the first 

and second half of the input vector respectively, 

which corresponds to moderate frequency 

components. The remaining four rows are sensitive to 

the four section of the input vector, which 

corresponds to high frequency components.  

 

Fig. 1 shows the Haar function at each row of H 

matrix. Notice the width and location of the Haar 

function is changed. The Haar function with narrower 

width is responsible for analysing the higher 

frequency content of the input signal. 

 

 
 

Fig. 1 Haar functions for composing 8-point Haar 

transform matrix Error! Reference source not 

found.. 

 

The inverse 2
k
-point Haar matrix is described as !-1 = !TD Error! Reference source not found. M%K, L& = 0     OP K ≠ L M%0,0& = 2@� M%1,1& = 2@� 

M%n, n& = 2@�R�     OP 2� < L < 2�R; 

For k = 3, un-normalised inverse 8-points Haar 

transform. M

=
*+
++
++
++
,1/8 0 0 0 0 0 0 00 1/8 0 0 0 0 0 00 0 1/4 0 0 0 0 00 0 0 1/4 0 0 0 00 0 0 0 1/2 0 0 00 0 0 0 0 1/2 0 00 0 0 0 0 0 1/2 00 0 0 0 0 0 0 1/2/0

00
00
00
1
 

 

The Haar Transform 

The Haar transform HT=(P) of an N-input function X=(P) is the 2= element vector HT=(P) = !=X=(P) 

 

 

The Haar transform cross multiplies a function with 

Haar matrix that contains Haar functions with 

different width at different location.  

 

For example: 

!J

*+
++
++
+,
1.21.21.80.8221.92.1/0

00
00
01

=
*+
++
++
+,

13−3−0.20010−0.2/0
00
00
01
 

 

The Haar transform is performed in levels. At each 

level, the Haar transform decomposes a discrete 

signal into two components with half of its length: an 

approximation (or trend) and a detail (or fluctuation) 

component. The first level of approximation Z; =[:;, :�, ⋯ , :)/�\ is defined as  

a^ = X�^@; + X�^√2  

for m = 1,2,3, ⋯ , N/2, where X is the input signal. 

The multiplication of √2 ensures that the Haar 

transform preserves the energy of the signal. The 

values of Z; represents the average of successive 

pairs of X value. 

The first level detail _; = [`;,  `�, ⋯ ,  `)/�\  is 

defined as  `> = a�>@; − a�>√2  

for m = 1,2,3, ⋯ , N/2. The values of _; represents 

the difference of successive pairs of X value. 

The first level Haar transform is denoted as b;. The 

inverse of this transformation can be achieved by 
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X = a; + d;√2 , a; − d;√2 , ⋯ , a"/� + d"/�√2 , a"/� − d"/�√2  

 

The successive level of Haar transform, the 

approximation and detail component are calculate in 

the same way, except that these two components are 

calculated from the previous approximation 

component only. 

An example: d = (4, 6, 8, 10, 13, 9, 3, 3), the 

first level approximation and detail components are Z; = √2(5, 9,11,3) _; = √2(−1, −1, 2, 0) Z� = (14, 14) _; = (−4, 8) 
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