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Introduction

Ocean wave dynamics in the Atlantic Ocean are
complex phenomena with significant implications
for coastal engineering projects and climate studies.
Understanding the behavior of ocean waves,
particularly extreme events, is crucial for assessing
coastal vulnerability and developing effective
adaptation strategies (Longuet-Higgins, M. S.,
1952). In this research paper, we undertake a
systematic derivation process aimed at establishing
an equation for estimating the probability of extreme
wave events in the Atlantic Ocean. By integrating
numerical modeling techniques and statistical
analysis, we aim to provide a comprehensive
framework that addresses the challenges posed by
extreme wave occurrences and their implications for
coastal  engineering and climate studies.
(Hasselmann, K., 1973)

Methodology

The derivation process begins by leveraging
numerical modeling techniques to simulate ocean
wave dynamics in the Atlantic Ocean. We employ
approaches such as Laplace transform and spectral
wave height equation to analyze wave behavior in
the frequency domain, providing insights into the
distribution of wave energies across different
frequencies (Young, I. R., & Babanin, A. V., 2006).
Subsequently, we apply statistical analysis
techniques such as inverse Fourier transform and
cumulative distribution function to characterize the
temporal variation of wave heights and assess the
probability distribution of wave occurrences. The
integration of the numerical modeling and statistical

analysis enables us to develop a comprehensive
framework for estimating the probability of extreme
wave events in the Atlantic Ocean, considering
factors such as fluid dynamics, oceanographic
conditions, and climate variability (Holthuijsen, L.
H., 2007).

1. Derivation of the one-dimensional wave equation:
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2. Application of the Laplace transform to the wave
equation:
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Applying the Laplace transform to the wave
equation, we get:

SH(s) — sh(0) — h(0) = (sm(s) ~ sh(0) - h(o))

where (H(s)) represents the Laplace transform of
wave height (h(t)). Solving for (H(s)), we get:
sh(0) 4+ h(0)
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This equation represents the Laplace transform of
the wave height in the frequency domain
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3. Introduction of the spectral wave height equation:
let’s first define the spectral wave height H, as the
significant wave height, which is a key parameter
used to characterize ocean wave conditions. The
spectral wave height H; is typically defined as the
root mean square of the highest one-third of wave
heights in a given wave spectrum. The spectral wave
height equation in the frequency domain can be
expressed as:
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where: Hi(f) is the spectral wave height at frequency
1, S(f) is the wave energy spectral density function.

To incorporate this spectral wave height equation
into the Laplace transform wave height equation,
we’ll denote the Laplace transform of the spectral
wave height H(f) as Hy(s), where s is the Laplace
variable representing frequency.

Then, we’ll express the spectral wave height
equation in the Laplace domain:

H,(s) =1 /) TS0 df

This equation represents the Laplace transform of
the spectral wave height Hy(f) in the frequency
domain. Now, let’s combine the Laplace transform
wave height equation with the spectral wave height
equation in the frequency domain.

We’ll use H(s) to represent the Laplace transform of
the wave height 4(f) and H(s) to represent the
Laplace transform of the spectral wave height:

H(s) = H(s)

This equation indicates that in the frequency domain,
the Laplace transform of the wave height H(s) is
equal to the Laplace transform of the spectral wave
height H(s). By applying the inverse Laplace
transform, we can obtain the solution for wave
height 4(f) in the time domain, which describes the
evolution of ocean waves in the Atlantic Ocean over

time.
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4. Utilization of the inverse Fourier transform to
convert the wave spectrum data to the time domain:
Given the wave spectrum S(f) in the frequency
domain, we can perform the inverse Fourier
transform to obtain the time series of wave heights

h(?).

The inverse Fourier transform is represented
mathematically as follows:

h(t) = /700 S(f) - >t df

Where: A(?) is the time series of wave heights, S(f) is
the wave spectrum in the frequency domain, fis the
frequency, ¢ is the time, and i is the imaginary unit.

By performing the inverse Fourier transform, we
obtain a time series of wave heights A(7) that
represents the temporal variation of wave heights at
the specific location in the Atlantic Ocean. Once we
have the time series of wave heights, we can analyze
it to determine the frequency and time at which a
particular wave height occurs.

Statistical methods such as extreme value analysis or
probability distributions can be applied to the time
series data to estimate the return period or recurrence
interval of a specific wave height.

Overall, the use of the inverse Fourier transform
allows us to convert wave spectrum data from the
frequency domain to the time domain, enabling the
analysis of wave heights over time and estimation of
their frequency and occurrence in the Atlantic
Ocean.
Zow
h(f) = S(f) - ¥ df

5. Derivation of the cumulative distribution function
(CDF) from the timeseries of wave heights:

F(h) = fh Fuydn!

6. Formulation of the probability distribution
function (PDF) to represent the modified wave
height distribution incorporating fluid properties:
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7. Estimation of the probability of extreme wave
events using the cumulative distribution function:
Probability (&> ho) =1 — F(ho)

Let’s denote the cumulative distribution function
(CDF) of wave heights as F(%), where & represents
the wave height.

The CDF F(h) gives the probability that a wave
height is less than or equal to /4 at any given time.

By integrating the time series of wave heights /(?)
over time, we can compute the cumulative
distribution function (CDF) F(4) as follows:

0

P(h) = / P(h < h(t)). dt
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where P(h < h(f)) is the probability that the wave
height A(¢) is less than or equal to / at time ¢. Once,
we have the cumulative distribution function (CDF)
F(h), we can determine the probability of exceeding
a particular wave height Ao within a specified time
period.

This probability represents the likelihood of
experiencing a wave height equal to or greater than
ho during the specified time period.

Probability (4 > ho) = 1 — F(ho)

Let’s denote the modified PDF of wave heights as
(f(h)), where (h) represents the wave height.

We’ll use the following equation to express the
modified PDF:

Where: Z is the normalization constant, x4 is the
mean wave height, ¢ is the standard deviation of
wave heights.

This modified PDF accounts for the influence of
fluid properties by adjusting the distribution of wave
heights based on the mean and standard deviation.
To derive the final equation incorporating fluid
properties, we’ll integrate the modified PDF f{h)
over all possible wave heights to obtain the
cumulative distribution function (CDF) F(h).

The CDF represents the probability that a wave
height is less than or equal to % at any given time,
considering the influence of fluid properties.

F(h) = [ " F(h'), dh'

Once we have the cumulative distribution function
(CDF) F(h), we can determine the probability of
exceeding a particular wave height Ao within a
specified time period.

This probability represents the likelihood of
experiencing a wave height equal to or greater than
ho considering the fluid properties.

Probability (& > ho) =1 — F(ho)

This final equation incorporates fluid properties into
the statistical analysis of ocean wave dynamics,
allowing us to assess the probability of wave height
occurrences in the Atlantic Ocean while accounting
for the characteristics of the fluid medium.

Result

The culmination of these steps yields a
comprehensive equation for estimating the
probability of extreme wave events in the Atlantic
Ocean. This equation integrates numerical modeling
techniques with statistical analysis, providing a
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robust framework for assessing the risk associated
with extreme wave occurrences. By considering the
influence of ocean wave dynamics on coastal
engineering and climate studies, the equation offers
valuable insights into the likelihood of extreme
wave events and their implications for coastal
vulnerability and climate adaptation strategies
(Stockdon, H. F., Holman, R. A., Howd, P. A., &
Sallenger Jr, A. H., 2006) & (Wahl, T., Haigh, I. D.,
Nicholls, R. J., Arns, A., Dangendorf, S., Hinkel, J.,
& Slangen, A. B., 2017).

Conclusion

In conclusion, this research paper demonstrates the
integration of numerical modeling and statistical
analysis techniques to derive an equation for
estimating the probability of extreme wave events in
the Atlantic Ocean. By combining insights from
fluid dynamics, oceanographic conditions, and
statistical methods, we have developed a
comprehensive framework that informs coastal
engineering projects and climate studies. The
resulting equation contributes to advancing our
understanding of ocean wave dynamics and
provides valuable insights for coastal management
and climate adaptation strategies in the Atlantic
Ocean region.

Conflict of Interest
There is no conflict of interest between the authors
in this manuscript.

References

1. Hasselmann, K. (1973). A statistical analysis
of the generation of oceanwaves. Journal of
Fluid Mechanics, 57(4), 785-790.

2. Longuet-Higgins, M. S. (1952). On the
statistical distribution of the heights of sea
waves. Journal of Marine Research, 11(3),
245-266.

3. Holthuijsen, L. H. (2007). Waves in oceanic
and coastal waters. Cambridge University
Press.

4. Young, I. R., & Babanin, A. V. (2006). Wind
wave source functions. Reviews of
Geophysics, 44(2), RG3001.

5. Resio, D. T., & Westerink, J. J. (2008).
Modeling the physics of stormsurges. Physics
Today, 61(1), 33-38.

6. Goda, Y. (2000). Random seas and design of
maritime structures. World Scientific.

7. Komen, G. J., Cavaleri, L., Donelan, M.,
Hasselmann, K., & Hasselmann, S. (1994).
Dynamics and modelling of ocean waves.
Cambridge University Press.

8. Stockdon, H. F., Holman, R. A., Howd, P. A.,
& Sallenger Jr, A. H. (2006). Empirical
parameterization of setup, swash, and runup.
Coastal Engineering, 53(7), 573-588.

9. IPCC.(2019). Special Report on the Ocean and



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Cryosphere in a Changing Climate.
Intergovernmental Panel on Climate Change.
Wahl, T., Haigh, I. D., Nicholls, R. J., Arns, A.,
Dangendorf, S., Hinkel, J., & Slangen, A. B.
(2017). Understanding extreme sea levels for
broad-scale coastal impact and adaptation
analysis. Nature Communications, 8(1),
16075.

Arfken, G. B., & Weber, H. J. (2005).
Mathematical Methods for Physicists (6th ed.).
Academic Press. [Chapter 15 covers Laplace’s
equation and its applications.]

Folland, G. B. (1992). Introduction to Partial
Differential Equations (2nd ed.). Princeton
University Press. [Chapter 4 discusses the
Laplace equation and its solutions.]

Strauss, W. A. (2008). Partial Differential
Equations: An Introduction (2nd ed.). John
Wiley & Sons. [Chapter 2 provides an
introduction to the Laplace equation. |

Boas, M. L. (1983). Mathematical Methods in
the Physical Sciences (3rded.). John Wiley &
Sons. [Chapter 12 includes sections on
ordinary differential equations for wave
equations. |

Evans, L. C. (2010). Partial Differential
Equations (2nd ed.). American

Mathematical Society. [Chapter 2 discusses the
wave equation and its solutions.]

LeVeque, R. J. (2007). Finite Difference
Methods for Ordinary and Partial Differential
Equations: Steady-State and Time-Dependent
Problems. SIAM. [Chapter 8 covers wave
equations and their numerical solutions. ]
Bracewell, R. (2000). The Fourier Transform
and Its Applications (3rded.). McGraw-Hill.
[Chapter 7 provides an introduction to Fourier
series and their applications.]

Stein, E. M., & Shakarchi, R. (2003). Fourier
Analysis:  An  Introduction.  Princeton
University Press. [Chapter 1 introduces Fourier
series and their properties.]

Papoulis, A. (1977). Signal Analysis.
McGraw-Hill. [Chapter 4 discusses the Fourier
transform and its applications.]

Strichartz, R. S. (2003). A Guide to
Distribution Theory and Fourier Transforms.
CRC Press. [Chapter 3 provides an
introduction to Fourier series and their
convergence properties. ]

Hasselmann, K. (1973). A statistical analysis
of the generation of oceanwaves. Journal of
Fluid Mechanics, 57(4), 785-790.

Holthuijsen, L. H. (2007). *Waves in oceanic
and coastal waters®*. Cambridge University
Press.

Stockdon, H. F., Holman, R. A., Howd, P. A.,
& Sallenger Jr, A. H. (2006). Empirical
parameterization of setup, swash, and runup.
Coastal Engineering, 53(7), 573-588.

11

25.

26.

27.

IPCC. (2019). Special Report on the Ocean and
Cryosphere in a Changing Climate.
Intergovernmental Panel on Climate Change.
Wahl, T., Haigh, I. D., Nicholls, R. J., Arns, A.,
Dangendorf, S., Hinkel, J., & Slangen, A. B.
(2017). Understanding extreme sea levels for
broadscale coastal impact and adaptation
analysis. Nature Communications, 8(1),
16075.

Goda, Y. (2000). Random seas and design of
maritime structures. World Scientific.



